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Abstract. Using the δN formalism we consider the non-linear curvature perturbation in multi-field
models of inflation with non-minimal coupling. In particular, we focus on the relation between
the δN formalism as applied in the conformally related Jordan and Einstein frames. Exploiting
results already known in the Einstein frame, we give expressions for the power spectrum, spectral
tilt and non-gaussianity associated with the Jordan frame curvature perturbation. In the case that
an adiabatic limit has not been reached, we find that in general these quantities differ from those
associated with the Einstein frame curvature perturbation, and also confirm their equivalence in
the absence of isocurvature modes. We then proceed to consider two analytically soluble examples,
the first involving a non-minimally coupled ‘spectator’ field and the second being a non-minimally
coupled extension of the multi-brid inflation model. In the first model we find that predictions
can easily be brought into agreement with the recent Planck results, as the tensor-to-scalar ratio is
generally small, the spectral tilt tuneable and the non-gaussianity suppressed. In the second model
we find that predictions for all three parameters can differ substantially from those predicted in
the minimally coupled case, and that the recent Planck results for the spectral tilt can be used to
constrain the non-minimal coupling parameters.
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1 Introduction
An epoch of inflation is widely accepted as accounting for the physics of the early Universe, with
predictions from simple single-field inflationary models still being consistent with observational
data, including the WMAP 9-year data [1, 2] and the recent Planck results [3–5]. In the context
of unifying, high-energy theories, however, it is natural to expect modifications to the simplest
single-field scenarios in the form of multiple fields, non-canonical kinetic terms or modifications to
the gravity sector. It is thus important to determine the observational signatures of such modifying
features in order that we may constrain different models of inflation and the high-energy theories
that motivate them.
One particular observable that can potentially be used to distinguish between different models
of inflation is the non-gaussianity of the Cosmic Microwave Background, which is closely related to
the non-gaussianity of the curvature perturbation on constant energy hypersurfaces, ζ. It is known
that the non-gaussianity predicted by the simplest single-field models is slow-roll suppressed [6],
so its non-negative detection would immediately point to something beyond the simplest models.
Moreover, the shape and size of non-gaussianity predicted by more complicated models depend on
the types of modifications considered, thus deeming it a very useful discriminant. The recent Planck
– 1 –
results, which are still consistent with gaussian fluctuations, put tight constraints on inflationary
models predicting large non-gaussianity, but still allow for deviations from the simplest of single-field
scenarios [3–5, 7].
In this paper we are interested in the non-linear curvature perturbation in multi-field models
of inflation with non-minimal coupling to the gravity sector. The type of models that we consider
take an action of the form
S =
∫
d4x
√−g
{
f(φ)R− 1
2
hab(φ)g
µν∂µφ
a∂νφ
b − V (φ)
}
, (1.1)
where R is the scalar curvature associated with the metric gµν , a, b = 1, ..., n label n scalar fields
that are potentially all non-minimally coupled to gravity through f(φ) and the non-diagonal field-
space metric hab gives a non-canonical kinetic term. Such a form of action is well motivated in
the context of higher-dimensional theories, where non-minimal coupling and non-canonical kinetic
terms appear naturally by way of compactification [8]. Non-minimal couplings also arise in the
context of renormalisation [9, 10].
The action in its original form (1.1) is said to be in the Jordan frame, but by making the
conformal transformation gµν = (2f)
−1g˜µν we are able to move to the Einstein frame, where the
action takes the form
S =
∫
d4x
√
−g˜
{
R˜
2
− 1
2
Sab(φ)g˜
µν∂µφ
a∂νφ
b − V˜ (φ)
}
, (1.2)
where R˜ is the scalar curvature associated with the Einstein frame metric g˜µν ,
1
Sab =
1
2f
(
hab +
3fafb
f
)
and V˜ (φ) =
V
4f2
. (1.3)
Here fa denotes the derivative of f with respect to the a’th field and we have taken κ
2 = 8piG = 1.
The action (1.2), with its canonical gravity sector, is one we are more familiar with, and computa-
tions are seemingly more tractable in this frame. Indeed, a framework for the calculation of ζ˜ and
its non-gaussianity for an action of the form (1.2) has recently been developed in [11–13] and applied
to some well motivated examples in [14, 15]. The effective potential V˜ induced by the conformal
transformation can display interesting structures, including ridge-like features, which are known
to potentially give rise to large non-gaussianity [14]. Furthermore, we see that even if the Jordan
frame field-space metric is taken to be flat, i.e. hab = δab, the induced Einstein frame field-space
is not flat. This leads to additional couplings between the fields that can also potentially source
non-gaussianity. With a framework for performing calculations in the Einstein frame already in
place, in this paper we are interested in how the quantity ζ˜ can be related back to ζ in the original
Jordan frame. In the single-field case it is known that ζ = ζ˜ to all orders of perturbation [16–18],
but in the multi-field case this is no longer true, with the difference being a direct consequence of
the isocurvature modes inherent to multi-field inflation [19, 20]. In the earlier paper [20] we have
discussed the relationship between ζ and ζ˜ at linear order, highlighting that both the evolution
and magnitude of the two quantities can potentially be very different. We argued that if isocurva-
ture modes are still present at the epoch of last scattering, the difference between ζ and ζ˜ simply
highlights their non-observable nature, as the predictions for any observable quantity should be
independent of the frame in which they are calculated, despite any possible differences in physical
interpretation [21, 22]. It is therefore important to take into account to which metric matter is
1Note that as the fields are minimally coupled in the Einstein frame, it is the metric Sab rather than hab that
is important in determining the ghost-free condition. We thus require Sab to be positive-definite with Euclidean
signature (see also footnote 5 of our previous paper [20]).
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minimally coupled and how ζ or ζ˜ at the epoch of last scattering are related to what we actually
observe today. In this paper we extend the analysis of [20] beyond linear order.
The method that we adopt is the δN formalism [23–27], which states that on super-horizon
scales the nonlinear curvature perturbation ζ is given as
ζ(t,x) = δN = N(t∗, t;x)−N0(t∗, t), (1.4)
where N0(t∗, t) is the background number of e-foldings between the initial time t∗ and final time
t and N(t∗, t;x) the number of e-foldings between a flat hypersurface at the initial time t∗ and a
constant energy hypersurface at the final time t. The time t∗ corresponds to a time shortly after
the scales under consideration have left the horizon. Under the separate universe approximation,
only the background equations of motion are required to determine the local number of e-foldings
for each patch, and the difference in e-folding number between different patches is determined by
the difference in initial conditions, which are in turn determined by the requirement that the initial
hypersurface be flat. In the case of multi-field inflation we can write N = N(φ), and thus δN is
determined by the values of the fields φa on the initial flat slice. Expanding perturbatively we have
ζ = δN = Naδφ
a
R +
1
2
Nabδφ
a
Rδφ
b
R ... , (1.5)
where Na indicates the partial derivative of N with respect to the initial value of the a’th field
and the subscript R indicates the field perturbations on the initial flat slice. Note that here we
have made the slow-roll approximation such that the initial field velocities are not considered as
independent degrees of freedom, i.e φ˙a = φ˙a(φ).
If expression (1.5) is for the curvature perturbation in the Jordan frame, then in the Einstein
frame we have the similar expression
ζ˜ = δN˜ = N˜aδφ
a
R˜ +
1
2
N˜abδφ
a
R˜δφ
b
R˜ ... , (1.6)
where N → N˜ and δφaR → δφaR˜. There therefore appear to be two sources for discrepancies between
the two curvature perturbations: differences in the derivatives of N and N˜ with respect to the initial
conditions and differences in the definition of the initial flat slice on which the field perturbations are
evaluated. In this paper, by considering the definition of gauge-independent variables up to second
order, we first determine the relation between δφaR and δφ
a
R˜. Then, by considering the definitions
of N and N˜ as the integrals of H and H˜ respectively, we are also able to determine the relation
between the derivatives of N and N˜ with respect to the initial field values. What we find is that the
effect of the difference in definition of the initial flat hypersurfaces exactly cancels with one of the
terms arising from the difference in definition of N and N˜ . As such, the only remaining difference
between ζ and ζ˜ is that due to the difference in definition of the final constant energy surface in
the two frames. In the adiabatic limit, where the definition of the final constant energy surface
coincides, the expected result ζ = ζ˜ is therefore recovered.
Turning to the calculation of the correlation functions of ζ and ζ˜, we see that given the above
expansions (1.5) and (1.6) in terms of the field perturbations on the initial flat slices, the correlation
functions of ζ or ζ˜ can be calculated if we know the correlation functions of the field perturbations.
The two-point correlation function of δφaR˜ has been known at linear order for some time [24, 25],
and recently Elliston et al. [12] have also determined the three-point correlation function of δφaR˜
for an action of the form (1.2) (see also [13]). As such, exploiting the relation we find between δφaR
and δφaR˜, we are able to give general expressions for the two- and three-point correlation functions
of ζ as well as ζ˜.
After determining general expressions for ζ and ζ˜ and their associated power spectra, spectral
tilts and fNL parameters, we then focus on some analytically soluble examples that allow us to
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directly compute and compare ζ and ζ˜. The first example we consider is a two-field model similar
to that considered at linear order in [20], where we investigated the possibility that the curvature
perturbation in the Jordan and Einstein frames have very different evolutions. In addition to the
minimally coupled inflaton field φ, the model consists of a non-minimally coupled spectator field
χ, where by ‘spectator’ field we mean that the field is non-dynamical during inflation. The fact
that the χ field is non-minimally coupled, however, means that despite being non-dynamical at
background level it does affect the curvature perturbation throughout inflation. As such, χ is not
a spectator field in the usual sense. We find that the curvature perturbation in the Jordan and
Einstein frames do indeed evolve very differently, as do the corresponding power spectra, spectral
tilts and fNL parameters, but that by the end of inflation the two quantities converge to leading
order in the slow-roll approximation. Regarding the final predictions for the curvature perturbation
and its spectral properties, we find that they can easily be brought into agreement with the recent
Planck results. In particular, the presence of the χ field tends to act so as to reduce the tensor-to-
scalar ratio, as well as allowing for a wide range of spectral tilts. In the case that the Einstein frame
field-space curvature is assumed to be small, the model predicts a very small non-gaussianity.
The second example we consider is a non-minimally coupled extension of the multi-brid in-
flation model introduced in [28]. In this model, because the end-of-inflation surface is defined by
the tachyonic instability of a waterfall field instead of a constant energy surface, we find that the
curvature perturbation in the Jordan and Einstein frames are identical. Choosing the same model
parameters as the original model, we find that the introduction of non-minimal coupling has a
significant effect on the predicted power spectrum, spectral tilt and non-gaussianity. Whilst the
tensor-to-scalar ratio and fNL parameter remain in agreement with the recent Planck results, re-
quiring agreement with the observed spectral tilt places constraints on the form of non-minimal
coupling.
The paper is constructed as follows: In section 2, applying the δN formalism in both the
Jordan and Einstein frames we obtain general expressions for the curvature perturbation in each
frame and compare the results. In section 3 we discuss the class of analytically soluble models where
both the potential and non-minimal coupling function are of product separable form. In section 4
and section 5 we focus on the two explicit examples mentioned above, and in section 6 we close with
a brief summary and conclusions.
2 Applying the δN formalism in the Jordan and Einstein frames
In this section we consider the relation between the two key elements of the δN formalism as applied
in the Jordan and Einstein frames. Namely, we would like to know how derivatives of N with respect
to the initial conditions are related those of N˜ and also how the flat-gauge field perturbations of
the Jordan frame are related to those in the Einstein frame.
2.1 Curvature perturbation in the Jordan frame
Let us begin by discussing the Jordan frame. Following [29], we define our perturbed Jordan frame
metric as
ds2 = a(η)2
{
−(1 + 2AY )dη2 − 2BYidηdxi +
[
(1 + 2R) δij + 2HT 1
k2
Y,ij
]
dxidxj
}
, (2.1)
where dη = dt/a is the conformal time, a and t are the scale factor and the proper time in the Jordan
frame, respectively, the scalar harmonic functions Y satisfy (∇2 + k2)Y = 0 and Yi = −k−1Y,i [29],
and each of the perturbation quantities is decomposed in terms of first- and second-order components
as
R = R(1) +
1
2
R(2). (2.2)
– 4 –
Note that here we neglect vector and tensor modes and only consider scalar perturbations. We
expect this simplifying assumption to be valid on super-horizon scales. On super-horizon scales,
by considering gauge transformations up to second order, we find the Sasaki-Mukhanov variables
[30, 31], or flat-gauge field perturbations, to be given as [32]
δφaR(1) = δφ
a
(1) −
φ′a
H R(1), (2.3)
δφaR(2) = δφ
a
(2) −
φ′a
H R(2) +
(R(1)
H
)2 [
2Hφ′a + φ′′a − H
′
H φ
′a
]
+ 2
φ′a
H2R
′
(1)R(1) −
2
HR(1)δφ
′a
(1),
where a prime denotes the derivative with respect to conformal time, H = a′/a and the subscript
R denotes the flat-gauge field perturbations in the Jordan frame.
Similarly, we define the perturbed Einstein frame metric as
ds˜2 = a˜(η)2
{
−(1 + 2A˜Y )dη2 − 2B˜Yidηdxi +
[(
1 + 2R˜
)
δij + 2H˜T
1
k2
Y,ij
]
dxidxj
}
, (2.4)
where a˜ =
√
2fa and dt˜ =
√
2fdt are the scale factor and the proper time in the Einstein frame,
respectively, dη = dt˜/a˜ = dt/a is again the conformal time, and each of the perturbation quantities
is again decomposed in terms of first- and second-order components as
R˜ = R˜(1) +
1
2
R˜(2). (2.5)
The flat-gauge field perturbations in the Einstein frame, δφaR˜(1) and δφ
a
R˜(2), are then found by
replacing all R and H in (2.3) with R˜ and H˜ = a˜′/a˜ respectively.
In order to find the relation between the flat-gauge field perturbations in the Jordan and
Einstein frames, we first need to determine the relation between R and R˜ to second order. Using
the fact that ds˜2 = 2fds2 we find that
R˜(1) = R(1) +
faδφ
a
(1)
2f
(2.6)
and R˜(2) = R(2) +
faδφ
a
(2)
2f
+
fabδφ
a
(1)δφ
b
(1)
2f
−
fafbδφ
a
(1)δφ
b
(1)
f2
+
2faδφ
a
(1)R˜(1)
f
. (2.7)
Substituting these relations, along with the background result H˜ = H+ f ′2f , into (2.3) and evaluating
the right-hand side of each equation in the flat gauge of the Einstein frame (recall that we can
evaluate the right-hand side of the equations in whichever gauge we like, as overall the expressions
are gauge-invariant) we deduce
δφaR(1) = Π
a
bδφ
b
R˜(1), (2.8)
δφaR(2) = Π
a
bδφ
b
R˜(2) +
φ′a
H
fcbδφ
c
R˜(1)δφ
b
R˜(1)
2f
− 2φ
′a
H
(
fbδφ
b
R˜(1)
2f
)2
+
1
H
d
dη
φ′a
H
(
fbδφ
b
R˜(1)
2f
)2
+
2
H
fbδφ
b
R˜(1)δφ
′a
R˜(1)
2f
, (2.9)
where Πab = δ
a
b +
φ′afb
2fH and the subscript R˜ denotes the flat-gauge field perturbations in the Einstein
frame.
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On inserting (2.8) and (2.9) into the expansion to second order of δN (= ζ), we find
δN = NaΠ
a
bδφ
b
R˜ +
1
2
NabΠ
a
cΠ
b
dδφ
c
R˜(1)δφ
d
R˜(1) (2.10)
+
Na
2
φ′a
H
fcbδφ
c
R˜(1)δφ
b
R˜(1)
2f
− 2φ
′a
H
(
fbδφ
b
R˜(1)
2f
)2
+
1
H
d
dη
φ′a
H
(
fbδφ
b
R˜(1)
2f
)2+ 2H fbδφ
b
R˜(1)δφ
′a
R˜(1)
2f
 ,
which, using Naφ
′a = dN/dη∗ = −H (see (2.23)), can be simplified to
δN = Naδφ
a
R˜ +
1
2
Nabδφ
a
R˜(1)δφ
b
R˜(1) −
faδφ
a
R˜
2f
− 1
2
fcbδφ
c
R˜(1)δφ
b
R˜(1)
2f
+
(
fbδφ
b
R˜(1)
2f
)2
+
1
H
faδφ
a
R˜(1)
2f
d
dη∗
[
δN(1)
]
. (2.11)
Note that, except for Na and Nab, which in general will depend on the final time as well as the
initial time η∗, all quantities in the above expansion are to be evaluated at an initial time η∗ shortly
after the modes in question have left the horizon. However, through the δN formalism we know
that δN(1) = ζ(1)(η, xi), where η denotes the final time, i.e. δN(1) does not depend on the initial
time η∗.2 As such, the term on the second line of the above expression vanishes, giving us
ζ = δN = Naδφ
a
R˜ +
1
2
Nabδφ
a
R˜(1)δφ
b
R˜(1) −
faδφ
a
R˜
2f
− 1
2
fcbδφ
c
R˜(1)δφ
b
R˜(1)
2f
+
(
fbδφ
b
R˜(1)
2f
)2
. (2.12)
Next, in order to allow us to use the results of Elliston et al. [12] to calculate correlation
functions, we need to use the relationship between the δφaR˜ used above and the corresponding
perturbation quantities that transform as vectors of the tangent space defined by the field-space
metric Sab. The relation to second order is [11]
δφaR˜ = Q
a
R˜ −
1
2
(S)ΓabcQ
b
R˜(1)Q
c
R˜(1), (2.13)
where (S)Γabc is the Christoffel symbol associated with Sab (we use
(h)Γabc to denote that associated
with hab), meaning that we now have
ζ = Na
(
QaR˜ −
1
2
(S)ΓabcQ
b
R˜(1)Q
c
R˜(1)
)
+
1
2
NabQ
a
R˜Q
b
R˜ −
fa
2f
(
QaR˜ −
1
2
(S)ΓabcQ
b
R˜(1)Q
c
R˜(1)
)
− 1
2
fcbQ
c
R˜(1)Q
b
R˜(1)
2f
+
(
fbQ
b
R˜(1)
2f
)2
=
(
Na − fa
2f
)
QaR˜ +
1
2
(
∇˜a∇˜bN − ∇˜a∇˜bf
2f
+
fafb
2f2
)
QaR˜(1)Q
b
R˜(1). (2.14)
Note that the covariant derivatives here are with respect to the Einstein frame field-space metric.
Defining N = N − ln(f)/2, such that
Na = Na − fa
2f
and ∇˜a∇˜bN = ∇˜a∇˜bN − ∇˜a∇˜bf
2f
+
fafb
2f2
, (2.15)
2This independence of η∗ has been shown explicitly up to second order in the slow-roll approximation in [25].
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and using the result [12, 24, 25]
〈QaR˜(1)(k1)QbR˜(1)(k2)〉 = (2pi)3δ3(k1 + k2)
H˜2
2k3
Sab, (2.16)
we find the power spectrum and non-gaussianity in the Jordan frame
Pζ(k) = NaNbSab
(
H˜
2pi
)2
and fNL =
5
6
NaNb∇˜c∇˜dNSacSbd
[NeNfSef ]2
, (2.17)
where, at leading order, the three point correlation function for ζ is given as
〈ζ(k1)ζ(k2)ζ(k3)〉 = NaNbNc〈QaR˜(k1)QbR˜(k2)QcR˜(k3))〉 (2.18)
+ (2pi)3δ(3)(k1 + k2 + k3)
6
5
fNL
[
NaNbSab
]2 H˜4
4
k31 + k
3
2 + k
3
3
k31k
3
2k
3
3
.
Once again, all quantities in the above expressions should be evaluated at an initial time η∗ that
is shortly after the modes in question have left the horizon. However, as the δN formalism is by
definition independent of η∗, we can evaluate them exactly at horizon crossing, i.e. k = aH. We
remark here that under the slow-roll approximation the horizon crossing times in the two frames
coincide, i.e. k = H ≈ H˜ when |f ′/f |  |H|.
Using (2.17), and following very closely the calculation outlined in [25], to leading order in the
slow-roll approximation we find the spectral index as
ns − 1 := d lnPζ
d ln k
= 2
dH˜/dt˜
H˜2
− 2NaN a +
2N aN b
3H˜2NeN e
[
∇˜a∇˜bV˜ + R˜acbddφ
c
dt˜
dφd
dt˜
]
. (2.19)
2.2 Curvature perturbation in the Einstein frame and comparing the frames
The expansion for δN˜ in the Einstein frame follows the standard procedure, and on making the
replacements δφaR˜ → QaR˜ such that
ζ˜ = N˜aQ
a
R˜ +
1
2
∇˜a∇˜bN˜QaR˜(1)QbR˜(1), (2.20)
we obtain the power spectrum, non-gaussianity and the spectral tilt in the Einstein frame as
Pζ˜(k) = N˜aN˜bSab
(
H˜
2pi
)2
, f˜NL =
5
6
N˜aN˜b∇˜c∇˜dN˜SacSbd[
N˜eN˜fSef
]2 , (2.21)
n˜s − 1 :=
d lnPζ˜
d ln k
= 2
dH˜/dt˜
H˜2
− 2
N˜aN˜a
+
2N˜aN˜ b
3H˜2N˜eN˜ e
[
∇˜a∇˜bV˜ + R˜acbddφ
c
dt˜
dφd
dt˜
]
. (2.22)
The important remaining task, therefore, is to establish the relationship between derivatives of N
and of N˜ . To do this we look at the integral expressions for N and N˜
N =
∫ ω=const.
R=0
Hdη, (2.23)
N˜ =
∫ ω˜=const.
R˜=0
H˜dη =
∫ ω˜=const.
R˜=0
(
H+ f
′
2f
)
dη =
∫ ω˜=const.
R˜=0
Hdη + 1
2
ln
(
fω˜=const.
fR˜=0
)
, (2.24)
where R = 0 and R˜ = 0 denote the initial flat slices from which we count the number of e-foldings in
the Jordan and Einstein frame respectively and ω = const. and ω˜ = const. similarly specify the final
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constant energy surfaces up to which we integrate in the Jordan and Einstein frames respectively.
We see that the integral term on the right-hand side of the Einstein frame expression (2.24) is the
same as (2.23) except for the limits of the integration, and also that there is an additional term in
the Einstein frame expression coming from the variation of the non-minimal coupling factor f . Let
us consider the two limits of the integral terms in turn.
The lower limit of each integral corresponds to a flat hypersurface at a time shortly after the
scales under consideration have left the horizon, and we know that in general the flat hypersurfaces
as defined in the two frames do not coincide. In the expansions for δN and δN˜ in terms of the initial
field values on the respective flat hypersurfaces, the difference in definition of the hypersurfaces will
manifest itself in the replacement δφaR → δφaR˜, which we have already taken care of in the preceding
subsection.
The upper limit of each integral corresponds to the surface on which the final curvature per-
turbation is evaluated, and any difference between the upper limits in the two frames will show
up as a contribution to the difference between derivatives of N and N˜ with respect to the initial
conditions. We know that in the δN formalism we must take the final surface to be one of constant
energy in order that δN coincide with ζ. If we take this constant energy surface to be at a time
when isocurvature modes are still present, then one finds that constant energy surfaces as defined
in the two frames do not necessarily coincide, thus meaning that N˜a 6= Na etc. However, if we
take the final surface to be one of constant energy in the radiation dominated phase after inflation,
and assume that no isocurvature modes remain during this epoch, then the upper limits of the two
integrals coincide, and consequently so too do the contributions of the integral terms to Na and N˜a
etc.
We can show explicitly that in any adiabatic limit the two expansions for δN and δN˜ do
coincide, as we would expect. We have already argued that as the final surface is in an epoch where
the two frames coincide, its effect on the values of Na and N˜a etc is frame independent. One might
still be concerned that the difference in the initial flat hypersurfaces as defined in the two frames
might lead to a difference in the expansions for δN and δN˜ . What we find, however, is that this
difference in definition of the initial hypersurface is exactly cancelled by the additional log term in
the Einstein frame expression for N˜ . Let us see this explicitly up to second order.
Using (2.23) and (2.24) we see that derivatives of N˜ are related to those of N as
N˜a = N
ω˜
a −
fa
2f
∣∣∣∣
∗
+
fb
2f
∣∣∣∣

∂φbω˜
∂φa∗
, (2.25)
N˜ab = N
ω˜
ab −
fab
2f
∣∣∣∣
∗
+
fafb
2f2
∣∣∣∣
∗
+
fcd
2f
∣∣∣∣

∂φcω˜
∂φa∗
∂φdω˜
∂φb∗
− fcfd
2f2
∣∣∣∣

∂φcω˜
∂φa∗
∂φdω˜
∂φb∗
+
fc
2f
∣∣∣∣

∂2φcω˜
∂φa∗∂φb∗
, (2.26)
where the superscript ω˜ on derivatives of N indicates that they are derivatives of the Jordan frame
e-folding number but with the upper limit of the integral being that defined in the Einstein frame.
As such, combining with (2.12), we find that the difference between ζ and ζ˜ is
ζ − ζ˜ = (Na −N ω˜a )δφaR˜ +
1
2
(Nab −N ω˜ab)δφaR˜(1)δφbR˜(1) (2.27)
− fb
2f
∣∣∣∣

∂φbω˜
∂φa∗
δφaR˜ −
(
fcd
2f
∣∣∣∣

∂φcω˜
∂φa∗
∂φdω˜
∂φb∗
− fcfd
2f2
∣∣∣∣

∂φcω˜
∂φa∗
∂φdω˜
∂φb∗
+
fc
2f
∣∣∣∣

∂2φcω˜
∂φa∗∂φb∗
)
δφaR˜(1)δφ
b
R˜(1).
If we assume that an adiabatic limit is reached then we have two simplifications. Firstly, as dis-
cussed above, the definition of the final surface becomes frame independent, meaning Na = N
ω˜
a
and Nab = N
ω˜
ab. Secondly, the final values of all the fields are independent of the initial conditions,
i.e. ∂φaω˜/∂φ
b∗ = 0. From the above expression it is clear that in this case ζ = ζ˜. With regard
to the expressions for the power spectra, spectral tilts and fNL parameters in the two frames,
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their equivalence in an adiabatic limit is evident from the fact that in such a limit N˜a = Na and
∇˜a∇˜bN˜ = ∇˜a∇˜bN .
More generally, we see that even in the case that an adiabatic limit is not reached, the difference
in definition of the initial flat hypersurfaces does not affect ζ − ζ˜. This is because the differences
resulting from δφaR ↔ δφaR˜ exactly cancel with the additional ln(fR˜=0)/2 term coming from (2.24).
3 Analytically soluble models
Having found general expressions for the non-linear curvature perturbation in both frames, in this
section we consider cases where the number of e-foldings and its dependence on the initial field
values can be determined analytically.
3.1 Solubility conditions
Varying the Jordan frame action (1.1) with respect to the fields φa and metric gµν , at background
level the equations of motion and Friedmann equation are given as
Dφ˙a
dt
+ 3Hφ˙a + hab (Vb − fbR) = 0 and 3H2 = 1
2f
(1
2
habφ˙
aφ˙b + V − 6Hf˙
)
, (3.1)
where D/dt is the covariant derivative with respect to hab defined such that Dφ˙
a/dt = φ¨a +
(h)Γabcφ˙
bφ˙c. We would like to approximate these equations as
3Hφ˙a ' −hab
(
Vb − 2V fb
f
)
= −f2habWb and 3H2 ' V
2f
(3.2)
in the slow-roll limit, where W = V/f2 (see Eq. (1.3)), and a dot denotes taking the derivative with
respect to the physical time in the Jordan frame.3 For this approximation to be valid we require
Dφ˙a
dt
 Hφ˙a, habφ˙aφ˙b  V and Hf˙  V. (3.3)
Using the first of (3.2) to determine Dφ˙
a
dt we find
1
Hφ˙a
Dφ˙a
dt
' − H˙
H2
− φ˙
b∇b
(
f2hacWc
)
3H2φ˙a
' − H˙
H2
− 2fh
bdWd∇b
(
f2hacWc
)
V haeWe
, (3.4)
where ∇a is the usual covariant derivative with respect to hab. Note that here the index a is not
summed over. Similarly we find
habφ˙
aφ˙b
V
' 2f
5habWaWb
3V 2
and
Hf˙
V
' f˙
6Hf
' −f
2habfaWb
3V
, (3.5)
so that we are able to define the slow-roll conditions
 ≡ fh
abWaWb
W 2
;  1 (3.6)
η(a) ≡ 2f h
bcWc∇b
(
hadWd
)
WhaeWe
+
4hbcfbWc
W
; |η(a)|  1 (3.7)
δ ≡ h
abfaWb
3W
; |δ|  1. (3.8)
3Note that here we use the Jordan frame equations of motion to determine the derivatives of N with respect to
the initial conditions and we then relate these to derivatives of N˜ . We could equally use the Einstein frame equations
of motion to determine derivatives of N˜ and then relate these back to derivatives of N . We discuss this further in
appendix A.
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Note that to derive these conditions we have also assumed H˙  H2. Taking the time derivative of
the second of (3.2) we find
H˙
H2
= −− 3δ, (3.9)
so that if the slow roll conditions (3.6) and (3.8) are satisfied then H˙  H2 will also be satisfied.
Having established the slow-roll equations and corresponding consistency relations we now look
to determine under what circumstances we are able to solve for the number of e-folds of inflation
analytically. We start by replacing cosmic time t with the number of e-folds using dN = Hdt. The
first of (3.2) can then be written as
dφa
dN
= −2fhabWb
W
. (3.10)
This can be solved analytically if
2fhab
Wb
W
=
g(a)(φa)
F (φ)
, (3.11)
where g(a)(φa) represents some function of just the a’th field and F (φ) is some function of all the
fields, as this allows us to write
1
g(a)(φa)
dφa
dN
= − 1
F (φ)
(3.12)
for all a, which in turn means that any one field can be expressed as a function of any one of the
other fields. Note that here the index a is not summed over. Explicitly, we can see that (3.11) is
satisfied if
hab =
1
G(φ)
diag
(
h(1)(φ1), h(2)(φ2), ..., h(n)(φn)
)
(3.13)
and either
W =
∏
a
W (a)(φa) or W =
∑
a
W (a)(φa), (3.14)
where again h(a)(φa) and W (a)(φa) represent functions of the single field φa and G(φ) is some
function of all the fields. In fact, the form of the field-space metric (3.13) can be simplified further
by noticing that the h(a)(φa) can always be absorbed by a field redefinition. As such, making the
additional simplifying assumption G(φ) = 1, we see that F (φ) = 1/(2f) and g(a)(φa) = Wa/W .
Following [28],4 we next introduce the coordinates qa = qna defined by
ln qa =
∫
dφa
g(a)(φa)
and
∑
a
(na)2 = 1. (3.15)
The equations of motion can then be expressed as
d ln q
dN
= − 1
F (q, na)
and
dna
dN
= 0, (3.16)
and on integrating the first of these we obtain
N = −
∫ 
∗
Fd ln q =
∫ ∗

Fd ln q. (3.17)
We can now proceed to calculate the derivatives of N with respect to the initial field values.
4See also [33–36] for considerations of analytically soluble applications of the δN formalism in multi-field inflation.
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3.2 The product separable case
In this paper we focus on the product separable case where W =
∏
aW
(a)(φa), for which we find
[34]
Nc = F
g
(c)

g
(c)
∗
∂ω/∂φc∑
a
∂ω
∂φa
g
(a)

+
∫ ∗

∂F
∂φc
g(c)
g
(c)
∗
d ln q, (3.18)
where ω(φ) = const. is the condition specifying the final surface up to which the number of e-folds
is calculated.
If we take the final surface in each frame to correspond to a constant energy surface, i.e.
ω = ρ = 3H2 = fW/2 = const. in the Jordan frame and ω˜ = ρ˜ = 3H˜2 = W/4 = const. in the
Einstein frame, then we have
Nc =
1
2
g
(c)

g
(c)
∗
(
fc
f
∣∣∣

+ g
(c)

)
 + 3δ
+
∫ ∗

∂F
∂φc
g(c)
g
(c)
∗
d ln q (3.19)
in the Jordan frame, and the contribution N ω˜c to N˜c in the Einstein frame is
N ω˜c =
1
2
(g
(c)
 )2
g
(c)
∗
+
∫ ∗

∂F
∂φc
g(c)
g
(c)
∗
d ln q. (3.20)
The above expression can of course be differentiated again to find higher-order derivatives of
N . The second order derivatives can be found as
Ncd =
∑
i
(
g
(d)

gd∗
δid − gi
g
(d)

g
(d)
∗
∂ω/∂φd∑
a g
(a)
 ∂ω/∂φa
)[(
∂F
∂φi
g
(c)

g
(c)
∗
+
F
g
(c)
∗
∂g
(c)

∂φi
)
∂ω/∂φc∑
a g
(a)
 ∂ω/∂φa
(3.21)
+F
g
(c)

g
(c)
∗
1∑
a g
(a)
 ∂ω/∂φa
{
∂2ω
∂φi∂φc
− ∂ω/∂φ
c∑
a g
(a)
 ∂ω/∂φa
∑
a
(
g
(a)

∂2ω
∂φi∂φa
+
∂g
(a)

∂φi
∂ω
∂φa
)}]
− F g
(c)

(g
(c)
∗ )2
∂g
(c)
∗
∂φd∗
∂ω/∂φc∑
a g
(a)
 ∂ω/∂φa
+
[
∂F
∂φc
g(c)
g
(c)
∗
]

g
(d)

g
(d)
∗
∂ω/∂φd∑
a g
(a)
 ∂ω/∂φa
+
1
g
(c)
∗
∫ ∗

∂
∂φd
(
∂F
∂φc
g(c)
)
g(d)
g
(d)
∗
d ln qa − ∂g
(c)
∗ /∂φd∗
(g
(c)
∗ )2
∫ ∗

∂F
∂φc
g(c)d ln qa.
Note that in the above expression, as g
(a)
 is only a function of φa and g
(a)
∗ only a function of φa∗,
the terms involving ∂g
(c)
∗ /∂φd∗ are only non-zero for c = d and similarly those of the form ∂g
(a)
 /∂φi
are only non-zero for i = a.
As a final comment before considering some examples we note that the validity of (3.21) is
limited to cases where the curvature of the Einstein frame field-space metric can be neglected when
differentiating the equations of motion. For details regarding this issue see appendix B. Here we
simply present the most relevant subset of the sufficient conditions for slow-roll and neglection of
the field-space curvature to be valid approximations:
√
f
Wa
W
∼ O(1/2), fWab
W
∼ O(), fa√
f
∼ O(1/2), fab . O() and
√
ffabc . O(1/2).
(3.22)
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4 Non-minimally coupled spectator field
As a first example, in this section we consider a model involving a non-minimally coupled spectator
field. Here, by ‘spectator’ field we mean a field which is non-dynamical at background level. How-
ever, as we will see, it does contribute to the curvature perturbation throughout inflation, meaning
that it is not a spectator field in the usual sense.
4.1 The model and derivatives of N˜ and N
The model is similar to that considered in [20], where we have a minimally coupled field φ that
drives inflation and a spectator field χ that is non-minimally coupled, i.e. f = f(χ). As mentioned
above, by ‘spectator’ field we mean that at background level χ′ = 0 → Wχ = g(χ) = 0. Note that
because the χ field is non-dynamical, the constraints on the time variation of f , e.g. δ  1, do
not put any constraints on fχ or fχχ. We will thus have to rely on observables to constrain these
quantities instead. Full details regarding the derivatives of N˜ and N with respect to φ and χ can
be found in appendix C, and here we simply discuss the main results.
The key feature of this model is that, despite being non-dynamical at background level, fluctu-
ations of the χ field contribute to the curvature perturbation as a result of its non-minimal coupling.
The details of this contribution are encoded in the derivatives of N˜ and N with respect to χ, which
are given as
N˜χ = −1
2
∫ ∗

fχ
f2
1
g(φ)
dφ, (4.1)
N˜χχ =
1
2
Wχχ
W
− 1
2
∫ ∗

(
fχχ
f2
− 2(fχ)
2
f3
)
1
g(φ)
dφ, (4.2)
Nχ = N˜χ +
fχ
2f
, (4.3)
Nχχ = N˜χχ +
1
2
(
fχχ
f
− 2(fχ)
2
f
Wχχ
W
− (fχ)
2
f2
(
5− η
(φ)


))
. (4.4)
Looking at these expressions, the first thing to notice is that N˜χ 6= Nχ and N˜χχ 6= Nχχ, which
will subsequently mean that ζ 6= ζ˜. Furthermore, seeing as the differences involve factors of −1 ,
we might expect them to be significant at early times when the slow-roll condition is satisfied. As
we approach the end of inflation, however, where the slow-roll approximation breaks down and 
correspondingly approaches one, we might expect the differences to be less significant.5 At linear
order we find
ζ − ζ˜ =
(
fχ
2f
− fχ
2f
)
δχR˜ '
fχ
2f
δχR˜, (4.5)
the form of which is in agreement with the result found using linear perturbation theory in [20].
From this expression we see that in order for the two curvature perturbations to be of the same
order of magnitude we require fχ/
√
f . O(1/2). Another point we notice is the integral nature of
N˜χ and N˜χχ. This suggests that the contribution of the χ field to the curvature perturbation will
be an increasing function of time, and we might therefore expect it to affect the tilt of the power
spectrum. In this section we will assume that soon after the instance  = 1 the fields quickly decay
into radiation and the adiabatic limit is reached. Then, the spectral properties at  = 1 can be
naturally interpreted as those we observe.
In order to allow us to analyse more concretely the contribution of the non-minimally coupled
χ field to the curvature perturbation, let us now focus on a particular form of potential for the
5We must, of course, be wary of trusting our results at these later times, as our analytic results rely on the validity
of the slow-roll approximation.
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Figure 1: Evolution of the power spectrum (left) and spectral tilt (right) in the Jordan (JF) and
Einstein (EF) frames for a range of fχ. Here we have set 2f = 1, V
(χ) = 1, fχχ = Wχχ = 0,
N∗ = 60, p = 1 and m2 = 1.94× 10−11.
inflaton field φ, taking V = V (χ)(χ)V (φ)(φ) and V (φ)(φ) = m2φ2p. The corresponding expressions
for the derivatives of N˜ and N can be found in appendix C.
4.2 Power spectrum and tilt
In figure 1 we have plotted the Jordan and Einstein frame power spectra and tilts as functions of
N for a range of values of fχ. The end of inflation is taken to be defined by  = 1, and we consider
modes that leave the horizon 60 e-folds before the end of inflation. For definiteness, the remaining
parameters are taken as follows: 2f = 1 (so that the effective Planck mass is in agreement with the
current value), fχχ = Wχχ = 0, V
(χ)(χ) = 1 and p = 1. Lastly, we take m2 = 1.94× 10−11 in order
that for fχ = 0 the power spectrum is normalised to the observed 2.4× 10−9.
The behaviour of the power spectra and tilts in figure 1 can be well understood in line with
the general arguments given above. In the Einstein frame, from (2.21), we find the power spectrum
to be given as
Pζ˜ =
[
N∗
2pf
Sφφ +
(
fχ
f
)2
N2Sχχ
](
H˜
2pi
)2
, (4.6)
where N∗ corresponds to the number of e-foldings before the end of inflation that the modes under
consideration leave the horizon. In the above equation and in all of the following analysis we
will assume N∗  p. The first term in the square brackets corresponds to the time independent
contribution from the φ field, whilst the second term to the time dependent contribution from the χ
field. Thus, at N = 0 the Einstein frame power spectrum agrees with that in the case that fχ = 0,
but it increases as N2 for N > 0. In the Jordan frame, from (2.17), we find
Pζ =
[
N∗
2pf
Sφφ +
(
fχ
pf
)2
(N∗ −N(1 + p))2 Sχχ
](
H˜
2pi
)2
. (4.7)
Once again, the first term in the square brackets corresponds to the contribution from the φ field,
whilst the second to that from the χ field. At N = 0 we see that the contribution from the χ field
has an additional term of the form (fχN∗/fp)2 in comparison with the Einstein frame case. At the
time N = N∗/(1 + p) the contribution from the χ field vanishes, meaning that the power spectra
coincides with that in the case fχ = 0. In the case that p = 1, which is the case in our plot, this
time corresponds to N = 30, and we also see that the behaviour of Pζ is symmetric about N = 30.
At N = 60 the power spectra in the two frames coincide to leading order.
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Turning to the spectral index, in the Einstein frame, from (2.22), we find
n˜s − 1 = − p
N∗
−A 1
N∗
−A 2p
N∗
Sχχ
f
f2χ
f
N, (4.8)
where we have taken fχχ = 0 (which allows us to neglect the contribution from the Riemann
curvature term), Wχχ = 0, and
A =
N∗
2fp
N∗
2fp +
Sχχ
2f2
f2χ
f N
2
. (4.9)
For N = 0 the spectral tilt coincides with that in the case that fχ = 0, i.e. the third term vanishes
and A = 1. As N increases, however, we have two effects: there is an additional redshift coming
from the third term and the contribution to the redshift from both the second and third terms is
suppressed by the factor A < 1. For our choice of parameters we can see from figure 1 that the
combination of these effects is to make the spectrum more red tilted than in the case that fχ = 0,
but that the suppression by A at large N causes the additional red tilt to decrease. In the Jordan
frame, from (2.19), we can similarly write
ns − 1 = − p
N∗
−B 1
N∗
+B
2Sχχf2χ
N∗f2
(N∗ −N(1 + p)) , (4.10)
where again we have taken fχχ = Wχχ = 0 and
B =
N∗
2fp
N∗
2fp +
Sχχ
2p2f2
f2χ
f (N∗ −N(1 + p))2
. (4.11)
At N = 0, as B < 1 and the third term gives an additional positive contribution, we see that the
spectral tilt will be bluer than that in the case where fχ = 0. Then, at N = N∗/(1 + p), we see
that the effect of the χ field vanishes and we recover the canonical single field result. Finally, at
N = N∗, the result coincides with that in the Einstein frame. All these features are clear in figure
1.
Having discussed the evolution of the power spectra and spectral tilts, we now focus on their
final values and the dependence of these values on the non-minimal coupling function. Allowing for
a non-zero fχχ, but still taking Wχχ = 0, in figure 2 we have plotted predictions in the ns-r plane for
a range of p, fχ, fχχ and N∗. As we expect the final Jordan and Einstein frame results to agree at
leading order, we choose to only plot the Jordan frame parameters. In each case we choose m such
that the Pζ is normalised to 2.4× 10−9, and the remaining parameters are set as 2f = V (χ) = 1.
The first feature we notice, which is common to all the plots, is that as fχ is increased the
tensor-to-scalar ratio is suppressed. This can be easily understood if we recall that tensor and
scalar modes are decoupled at linear order and also that the tensor amplitude is frame-independent,
allowing us to simply evaluate it in the Einstein frame. As a result, the tensor power spectrum takes
the standard form Pt = 8(H˜/(2pi))2, so the only effect of the additional non-minimally coupled field
is any contribution it makes to H˜. The scalar power spectrum, on the other hand, acquires an
additional contribution corresponding to the second term in the square brackets in (4.7). As such,
the tensor-to-scalar ratio is suppressed. In fact, note that in our specific model, where 2f = V (χ) = 1
and χ′ = 0 at background level, H˜ is not modified by the presence of the χ field, meaning that
the tensor power spectrum itself is the same as that in the standard single-field case. Additionally,
as can be seen in the two plots with fχχ = 0, a non-zero fχ causes the spectrum to become more
red-tilted. In the case p = 0.5,6 the combination of these two effects brings the predictions of this
model within the 68% confidence contours of the recent Planck results.7
6See [37] for the original single field model with p = 0.5.
7We would like to thank Laila Alabidi for providing us with the data for these confidence contours.
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Figure 2: Predictions in the ns-r plane for models with inflaton potential of the form V
(φ) = m2φ2p.
Parameters are as specified on each plot. Additionally, V (χ) = 2f = 1, Wχχ = 0 and m is normalised
for each curve such that Pζ = 2.4× 10−9. As the Jordan and Einstein frames agree at leading order
at the end of inflation, here we only plot the Jordan frame quantities. The 68% and 95% confidence
contours from the recent Planck results have also been plotted.
When we allow for a non-zero fχχ, we see that it tends to make the spectrum more blue-tilted,
whilst leaving the tensor-to-scalar ratio unaffected. This again can be easily understood. When we
consider the contribution to the spectral tilt from the Riemann curvature term, the only non-zero
component is proportional to Rχφχφ. Namely, we have the additional term
ns − 1 ⊃
2N 2χSχχRχφχφ
(
dφ
dt˜
)2
3H˜2NaNbSab
. (4.12)
For the values of fχ . O(0.1) that we are considering, we find that to leading order Rχφχφ ∼
fχχ/(2f). Given that all the other factors in (4.12) are positive definite, we therefore see that a
positive non-zero fχχ will give a positive contribution to ns − 1, which is the opposite effect to a
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non-zero fχ. In the case that p = 1, we see that the combination of a non-zero fχ and fχχ can
be used to bring predictions of the model within the 68% confidence contours of the recent Planck
results.
4.3 Non-gaussianity
Let us now consider the non-gaussianity. Given that we are considering fχ/
√
f . O(1/2) and that
Sab has no off-diagonal components, from (2.17) and (2.21) the leading contributions to f˜NL and
fNL are given as
6
5
f˜NL ' (S
χχ)2N˜χN˜χN˜χχ[
2fN˜φN˜φ + SχχN˜χN˜χ
]2 ' − 4f
2
χ
f fχχN
3[
N∗
p + 2
f2χ
f N
2
]2 , (4.13)
6
5
fNL ' (S
χχ)2NχNχNχχ
[2fNφNφ + SχχNχNχ]2
' −
4fχχ
f2χ
f
(
N(1+p)−N∗
p
)3
[
N∗
p + 2
f2χ
f
(
N(1+p)−N∗
p
)2]2 , (4.14)
where we have also assumed N∗  p. Taking N ∼ O(−1) we see that both of these quantities
are O(1) × fχχ, so that we might expect a sizeable f˜NL and fNL for a large fχχ. What we must
recall, however, is that expression (3.21) for the second derivatives of N (which we have used here)
is only valid when the curvature of the Einstein frame field-space can be neglected, and one of the
conditions we derived for this to hold was fχχ  1. As such, at least within the confines of our
analytic formulation, we find that f˜NL and fNL will be small.
In the left-hand panel of figure 3 we plot the evolution of f˜NL and fNL for values of fχχ
that are at the upper limit for the validity of (3.21), with the remaining model parameters set as
2f = V (χ) = 1, fχ = 0.1, Wχχ = 0 and N∗ = 60. We do indeed find that f˜NL and fNL are small.
Their evolutions, which are very different, can be understood by referring to (4.13) and (4.14). In
the Einstein frame we see that f˜NL vanishes at N = 0, but that for N > 0 it develops a negative
value that depends linearly on fχχ. In the Jordan frame we see that for N = N∗ the expression for
fNL is the same as that for f˜NL, and that it is also anti-symmetric about the time N = N∗/(1 + p),
which corresponds to N = 30 in our case. For p = 1 we therefore have fNL(N = 30) ' 0 and
fNL(N = 0) = −fNL(N = N∗) = −f˜NL(N = N∗).
In the right-hand panel of figure 3 we plot the final Jordan frame fNL as a function of fχ for
the same values of fχχ as used in the left-hand plot. Referring to (4.14), it is clear that fNL → 0
in the limit fχ → 0. Similarly, for f2χ/f  1/(2N∗p) we have |fNL|  2pfχχ. There is thus some
optimum value of fχ between these two limits where the magnitude of fNL is peaked, and from
the figure 3 we see that this value is between 0.05 and 0.1. However, even the peak magnitude
fNL ∼ O(0.1) is very small, which is consistent with the Planck constraint fNL = 2.7± 5.8.
5 Non-minimally coupled multi-brid inflation
In this section, as a second example, we extend the multi-brid inflation model introduced in [28] to
include non-minimal coupling.
5.1 The model
We consider the potential and non-minimal coupling to take the form
V = V0 exp
[∑
a
maφ
a
]
and f =
√
f0 exp
[∑
a
za
2
φa
]
, (5.1)
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Figure 3: Left: Evolution of the fNL parameters in the Jordan (JF) and Einstein (EF) frames
for a range of fχχ. fχ = 0.1, and the remaining parameters are as given in the caption of figure 1.
Right: Dependence of the final fNL parameters on fχ for a range of fχχ.
such that the effective potential in the Einstein frame is of the same form as that in the original
model [28] and is product separable, namely
W =
V0
f0
exp
[∑
a
(ma − za)φa
]
, (5.2)
where ma and za are constants. The details of the model are presented in appendix D, and here we
simply discuss the key results. In some sense the multi-brid model is very similar to that considered
in the previous section, as the trajectory in field-space is once again straight, meaning that the
decomposition of the fields into adiabatic and isocurvature components with respect to the Jordan
frame metric is time independent. Unlike in the previous model, however, here we allow both fields
to be non-minimally coupled.
As in the original model [28], we assume that inflation is terminated via the instability of a
hybrid inflation-type waterfall field χ, which is implemented by replacing V0 with
V0 =
1
2
∑
a
w2a(φ
a)2χ2 +
λ
4
(
χ2 − σ
2
λ
)2
, (5.3)
such that the field χ develops a tachyonic mass for
∑
aw
2
a(φ
a)2 < σ2. Taking a two-field example, we
can thus parameterise the field values at the end of inflation as φ1 = σ cos γ/w1 and φ2 = σ sin γ/w2.
5.2 Computing δN
Using the fact that
φ1
m1 − z1 −
φ2
m2 − z2 = constant,
one can determine how γ is related to the initial field values φ1∗ and φ2∗. Perturbing this relation one
can subsequently find δγ in terms of the initial field fluctuations δφ1∗ and δφ2∗, which in turn allows
us to expand δN in terms of the field perturbations on the initial flat hypersurface. Expanding δNσ
up to second order, where we have added the superscript σ to denote the fact that this is δN up to
the surface in field space defined by the waterfall transition, we find
δNσ =
1
2f
w2 sin γδφ
2∗ + w1 cos γδφ1∗
M2w2 sin γ +M1w1 cos γ
+
1
2f
(w1w2)
2
2σ
(M1δφ
2∗ −M2δφ1∗)2
(M2w2 sin γ +M1w1 cos γ)3
− N∗
2
(z1δφ
1
∗ + z2δφ
2
∗) +
N∗
8
(z1δφ
1
∗ + z2δφ
2)2 − δS
8f(M2w1 cos γ +M2w2 sin γ)2
, (5.4)
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where Ma = ma − za are the effective masses of the fields and δS is given as
δS = w1 cos γ(δφ1∗)2(w1 cos γ(z1M1 − z2M2) + 2z1M2w2 sin γ)
+ 2δφ1∗δφ
2
∗(z2M1w
2
1 cos
2 γ + z1M2w
2
2 sin
2 γ)
+ w2 sin γ(δφ
2
∗)
2(2z2M1w1 cos γ − w2 sin γ(z1M1 − z2M2)). (5.5)
From (5.4) it is easy to see that in the limit z1, z2 → 0, which also gives 2f → 1 and Ma → ma,
the second line vanishes and we recover the result of [28]. As such, we see that the main effect of
introducing non-minimal coupling, aside from ma →Ma, is the appearance of the additional terms
on the second line of (5.4). To determine the importance of these additional terms, we note that in
order to satisfy the slow-roll conditions (D.1)-(D.3) we require za,Ma ∼ O(1/2) and zaφa . O(1),
where we are assuming  ∼ η(a) ∼ δ. Taking N∗ ∼ O(1/), we therefore find that the additional
linear terms on the second line of (5.4) are of the same order of magnitude as those on the first
line. Furthermore, the explicit dependence on N∗ would suggest that these terms will give rise to
a significant scale dependence of the spectrum. Turning to the additional second order terms, we
find that they will generally be suppressed by O(σ1/2/w) relative to those on the first line, where
we have assumed w1 ∼ w2 = w. This would suggest that the non-minimal coupling does not induce
substantial additional non-gaussianity in comparison to the minimally coupled case.
It is important to recall that when applying the δN formalism we must take the final surface up
to which N is calculated to be one of constant energy density. As the end-of-inflation surface defined
above in terms of the waterfall transition does not generally coincide with one of constant energy,
we must therefore determine the additional contribution to δN coming from evolution between the
end-of-inflation surface and one of constant energy during the radiation dominated era that follows.
Namely, we have
δN = δNσ + δN r, (5.6)
where the superscript r denotes the contribution just described. Interestingly, consideration of this
additional contribution brings to light a subtlety regarding matching conditions in the Jordan and
Einstein frame analyses. Referring back to (2.27), and noting that the terms in the second line will
vanish if we assume that in the radiation domination era we have 2f = 1 independent of the initial
field values, the difference between the curvature perturbations in the two frames will be given as
ζ − ζ˜ = [Nσa +N ra −N σ˜a −N r˜a] δφaR˜ + 12 (Nσab +N rab −N σ˜ab −N r˜ab) δφaR˜δφbR˜. (5.7)
Seeing as the waterfall instability condition for the end of inflation
∑
aw
2
a(φ
a)2 = σ2 is independent
of the frame we have Nσa = N
σ˜
a , and similarly for the second derivatives. As such, any difference
between ζ and ζ˜ is determined by the relation between N r and N r˜.
In determining N r and N r˜ we assume instant reheating. At background level, the Israel
Junction conditions then tell us that the scale factor and Hubble rate should be continuous across
the matching surface (see e.g. [38]). However, here we have the scale factors and Hubble rates as
defined in the Jordan and Einstein frames, and so it seems we must decide which we would like to
be continuous, i.e. we must constrain either
[a]+− = 0 and [H]+− = 0 or [a˜]+− = 0 and [H˜]+− = 0, (5.8)
where [a]+− = a+ − a− and +/− label values immediately after/before the matching surface. If we
require that the Einstein frame quantities be continuous, then we find that
a+ =
√
2f−a− = a˜+ and H+ = H− + f
′−
2f−
= H˜+, (5.9)
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or if we require that the Jordan frame quantities be continuous we find
a˜+ =
a˜−√
2f−
= a+ and H˜+ = H˜− − f
′−
2f−
= H+, (5.10)
where in both cases we take 2f+ = 1 so that the Jordan and Einstein frames coincide in the radiation
dominated phase, after all fields have decayed. Due to the discontinuity in f , we see that enforcing
continuity in one frame leads to a discontinuity in the other. In particular, the energy density (given
by ρ = 3H2 and ρ˜ = 3H˜2 in the Jordan and Einstein frames respectively) will be discontinuous in
one of the frames, in order that finally ρ+ = ρ˜+.
Making the instant reheating approximation, and using the fact that ρ+ = ρ˜+, the number of
e-foldings in the radiation dominated phase is given as
N r =
1
4
ln
(
ρ+
ρr
)
=
1
4
ln
(
ρ˜+
ρr
)
= N r˜ (5.11)
where ρr corresponds to some final constant density in the radiation dominated phase. Although
we do have N r = N r˜, their value will depend on whether we choose to require continuity of the
scale factor and Hubble rate in the Jordan or Einstein frame. Namely, we need to specify whether
ρ+ = ρ− or ρ+ = ρ˜−. Requiring continuity of the scale factor and Hubble rate in the Jordan and
Einstein frames we find
N r± = N
r˜
± =
1
4
ln
(
ρ−
ρr
)
and N r±˜ = N
r˜
±˜ =
1
4
ln
(
ρ˜−
ρr
)
, (5.12)
respectively, where ± and ±˜ denote the continuity conditions being applied in the Jordan and
Einstein frames. For simplicity, if we assume that the slow-roll approximation is still valid at the
end of inflation, then we have that H˜− = H−/
√
2f−, i.e. ρ˜− = ρ−/2f−, from which we deduce
N r± −N r±˜ =
1
4
ln(2f−). (5.13)
Calculating the terms explicitly, we find
δN r± =
1
4
{(
m2 − z2
2
) σ cos γ
w2
−
(
m1 − z1
2
) σ sin γ
w1
}(
δγ(1) + δγ(2)
)
− 1
4
{(
m2 − z2
2
) σ sin γ
w2
+
(
m1 − z1
2
) σ cos γ
w1
}(
δγ(1)
)2
, (5.14)
δN r± − δN r±˜ =
1
4
{
z2
2
σ cos γ
w2
− z1
2
σ sin γ
w1
}(
δγ(1) + δγ(2)
)− 1
4
{
z2
2
σ sin γ
w2
+
z1
2
σ cos γ
w1
}(
δγ(1)
)2
.
(5.15)
Comparing the coefficients in these expressions with those in (D.11c-D.11i), we see that they are
suppressed by a factor ∼ O(), where we have used the fact that ma, za ∼ O(1/2) in order that the
slow-roll conditions be satisfied. As such, we find that the contribution of δN r to δN is subdominant,
as in the minimally coupled case [28]. Ultimately, by considering in more detail the mechanism by
which reheating takes place in this type of model, one would hope to be able to determine which of
the matching conditions in (5.8) is appropriate in the instant reheating limit.
5.3 Comparison with the original model
In order to determine more explicitly the effect of the non-minimal coupling, let us consider an
example. We focus on the parameter space evaluated in the original paper [28], taking M21 = 0.005,
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Figure 4: Dependence on z1 and z2 of the spectral tilt (left), tensor-to-scalar ratio (centre) and fNL
parameter (right) in the multi-brid inflation model with non-minimal coupling. The red point at (z1, z2) =
(0, 0) corresponds to the minimally coupled case considered in [28]. The model parameters are M21 = 0.005,
M22 = 0.035, γ → 0, w1 = w2 = w = 0.1, σ = 10−2, 2
√
f0 = 1 and N∗ = 60, which for z1 = z2 = 0
give ns = 0.96, r = 0.04 and fNL ∼ 4.1. The black curves shown on the left-hand plot correspond to the
constraint ns = 0.9697± 0.0073 coming from the recent Planck results.
M22 = 0.035, γ → 0 and w1 = w2 = w. We then further choose w = 0.1, σ = 10−2, 2
√
f0 = 1 and
N∗ = 60. In the case that z1 = z2 = 0, these parameters give ns = 0.96, r = 0.04, fNL ∼ 4.1 and
also satisfy the condition σ  H, which is required in order that the χ field can act as a waterfall
field and support a sharp phase transition. Having established that δN r  δNσ, we focus only on
δNσ, given in (5.4). In this example the general expression simplifies to
δNσ ' 1
2f
δφ1∗
M1
− N∗
2
(z1δφ
1
∗ + z2δφ
2
∗) +
1
2f
w
2σ
(M1δφ
2∗ −M2δφ1∗)2
M31
, (5.16)
where we have omitted the additional second-order terms on account of their being small. When
using the coefficients of this expression in the general formulae for the curvature power spectrum,
spectral tilt and fNL parameter, we make the additional simplification Sab ∼ δab/2f and also neglect
the curvature term in the expression for the spectral tilt. We know that these approximations are
valid due to the fact that za ∼ O(1/2).
Plots of the power spectrum, spectral tilt and fNL parameter as functions of z1 and z2 are shown
in figure 4. For all the plotted values of z1 and z2, we find that r and fNL are consistent with the
recent Planck results r < 0.11 and fNL = 2.7±5.8. In the plot of ns we include curves corresponding
to the 68% confidence interval obtained by the Planck collaboration, namely ns = 0.9697± 0.0073.
In all the plots, the central red point at (z1, z2) = (0, 0) corresponds to the minimally coupled
case considered in [28]. The dependencies of the three parameters on z1 and z2 are relatively easily
understood.
First, regarding the spectral tilt, under the assumptions outlined above we find
ns − 1 = −2f∗(M21 +M22 ) + 2f∗(
z1
2
M1 +
z2
2
M2)− z1N1 + z2N2
N21 +N
2
2
, (5.17)
where N1 and N2 are the coefficients of δφ
1∗ and δφ2∗ in (5.16) respectively. For our choice of
parameters, we find that the dominant term is always the the first one, and its magnitude will
increase with z1 and z2 as a result of the exponential growth of f∗ with z1 and z2. Correspondingly,
the spectrum becomes more red-tilted.
Next, turning to the tensor-to-scalar ratio, we have
r =
8
2f∗
[
N21 +N
2
2
] . (5.18)
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Considering the z1-dependence in the quadrant where z1, z2 > 0, we find that there are two com-
peting effects as we increase z1: N
2
1 will get smaller whilst f∗ will increase. Which effect “wins”
depends on the value of z2, and we find that for most values of z2 the first effect wins, meaning that
r increases with z1. Considering the dependence on z2, both N
2
2 and f∗ increase with z2, leading to
a decrease in r.
Turning now to fNL, and neglecting the subdominant terms associated with Christoffel symbols
such that ∇˜a∇˜bN → Nab, we find that the factors of 2f∗ coming from Sab cancel and we are simply
left with
6
5
fNL =
N21N11 + 2N1N2N12 +N
2
2N22(
N21 +N
2
2
)2 , (5.19)
where N11, N12 and N22 can be read off from (5.16). As the second derivatives of N do not depend
on z1 and z2, we only need consider the behaviour of first derivatives. N1 decreases with increasing
z1, and seeing as the denominator goes as N
4
1 whilst the numerator only as N
2
1 , we find that fNL
increases with z1. Regarding the z2 dependence, although the N
2
2 term in the denominator increases,
it remains subdominant compared to N21 . As such, the important z2 dependence comes from the
N1N2N12 term in the numerator. The minus signs from N2 and N12 cancel meaning that this term
causes fNL to increase with z2.
As a final comment, we point out that in the non-minimal extension of the multi-brid model
there is a contention between achieving enough e-folds of inflation and satisfying the slow-roll
conditions at the beginning of inflation when we take z1, z2 > 0. From expression (D.7) for N we
see that a relatively large value for f∗ is required in order to achieve N ∼ 60 if za ∼ 0.1. However,
from (D.1)-(D.3), we see that this will tend to lead to an enhancement of the slow-roll parameters.
As an example, let us consider the largest slow roll parameter, η. If we were to set z1 = z2 = z,
require N = 60 and η∗ . 0.1, we find the condition z . 0.06. Alternatively, if we consider N = 60
and z1 = z2 = 0.1, then this gives us η∗ ∼ 0.3. As such, referring to figure 4, we see that the results
obtained in the top right corner of these figures are somewhat invalidated as a result of the breaking
of slow-roll.
6 Summary and Conclusions
Using the δN formalism we have considered the non-linear curvature perturbation arising in multi-
field models of inflation with non-minimal coupling. With an analysis in the Einstein frame having
already been developed in [12], here we have focused on the relation between the δN formalism
as applied in the Jordan and Einstein frames, which in turn allowed us to determine how the
curvature perturbation in the Einstein frame can be related back to that in the Jordan frame. Key
in our analysis was finding the relation between the flat-gauge field perturbations as defined in the
Jordan and Einstein frames, δφaR and δφ
a
R˜ respectively. Using this relation, in combination with the
relation between N and N˜ , we were able to show that the difference in definition of the initial flat
hypersurface associated with the δN analysis in the two frames does not give rise to a difference in
the final curvature perturbations. As such, it is only the difference in definition of the final constant
energy hypersurface that leads to ζ 6= ζ˜. This result seems to agree with what one might expect.
In the case that an adiabatic limit is reached, where the final constant energy surface is uniquely
defined, we therefore recover the expected result ζ = ζ˜. Relating δφaR to δφ
a
R˜ also allowed us to
exploit the known correlation functions of δφaR˜ to determine the power spectrum, spectral tilt and
fNL parameter associated with the Jordan frame curvature perturbation.
Having discussed the general formalism in section 2, we then considered the class of analytically
soluble, slow-roll inflation models where the Einstein frame potential is product separable, eventually
focusing on two specific examples. The first example consisted of a minimally coupled inflaton
field φ and a non-minimally coupled ‘spectator’ field χ. We considered a potential of the form
– 21 –
V (φ) = m2φ2p for the inflaton, and also took the χ field to be massless. We found that the curvature
perturbations in the Jordan and Einstein frames evolve very differently after horizon crossing, as
do the corresponding power spectra, spectral tilts and fNL parameters, but that by the end of
inflation the two quantities converge to leading order in the slow-roll approximation. In terms of
the final predictions for the curvature perturbation, for p = 0.5 and p = 1 we found it possible
to bring predictions for the observables r and ns well within the 68% confidence contours of the
recent Planck results. In particular, the presence of the χ field tends to act so as to reduce the
tensor-to-scalar ratio, as well as allowing for a wide range of spectral tilts through the choice of
fχ and fχχ. This can be compared to the usual spectator field scenarios, where a negative mass
for the spectator field or p ≥ 2 is required in order to reproduce the observed red-tilted spectrum
[39]. In the case that the Einstein frame field-space curvature is taken to be small, the model also
predicts a very small fNL, which again is in agreement with the recent Planck results. We remark
that in this model we have referred to χ as a ‘spectator’ field in order to reflect the fact that it is
non-dynamical at background level. However, our model is not a spectator field model in the usual
sense, as χ does contribute to the curvature perturbation throughout inflation.
The second example we considered was a non-minimally coupled extension of the multi-brid
inflation model. As the end-of-inflation surface is defined by the tachyonic instability of a waterfall
field, which is a frame independent definition, the Jordan and Einstein frame curvature perturbations
are identical. Using the same model parameters as considered in the original multi-brid model, we
found that the introduction of non-minimal coupling has a significant effect on the predictions of
the model. In particular, we found the ranges 0.87 . ns . 0.98, 0.02 . r . 0.08 and 2 . fNL . 7
for the range of non-minimal coupling parameters considered. These should be compared with the
results (ns, r, fNL) ∼ (0.96, 0.04, 4.1) in the minimally coupled case. As such, we see that the
Planck result ns = 0.9624± 0.0073 can be used to constrain the non-minimal coupling parameters.
As a closing remark we note that throughout this paper we have been implicitly making the
slow-roll assumption by assuming that N and N˜ are only functions of the initial field values and not
the initial field velocities. Extending to the more general case involves a number of subtleties. For
example, the horizon-crossing conditions in the Jordan and Einstein frames, k = aH and k = a˜H˜
respectively, are no longer equivalent outside of the slow-roll approximation. Generalisation to the
non slow-roll case is currently under consideration.
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A Analytically soluble models in the Einstein frame
In the main text we chose to work in the Jordan frame when considering analytically soluble models.
In this appendix we confirm that we could equally well have started out in the Einstein frame.
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Varying the Einstein frame action (1.2) with respect to the fields φa and metric g˜µν , at back-
ground level we find the equations of motion and Friedmann equation are given as
D
(S)
dt˜
(dφa
dt˜
)
+ 3H˜
dφa
dt˜
+
1
4
SabWb = 0 and 3H˜
2 =
1
2
Sab
dφa
dt˜
dφb
dt˜
+
W
4
, (A.1)
where dt˜ =
√
2fdt is the time in the Einstein frame and D
(S)
/dt˜ is the covariant derivative associated
with the field-space metric Sab. Even before making the slow-roll approximation one can relatively
easily confirm the equivalence of these equations of motion with those in the Jordan frame by using
the relations between t and t˜, H and H˜ and hab and Sab. The only trick one needs to remember is
to contract the Einstein frame equations of motion with Sab, as this removes the inverse metric S
ab
appearing in the covariant derivative, for which we don’t in general have an expression.
In the slow-roll limit we would approximate the above equations as
3H˜
dφa
dt˜
= −1
4
SabWb and 3H˜
2 =
W
4
, (A.2)
and using dN˜ = H˜dt˜ the first of these can be rewritten as
dφa
dN˜
= −S
abWb
W
, (A.3)
which we can solve analytically if
SabWb
W
=
g˜(a)(φa)
F˜ (φ)
. (A.4)
In line with the Jordan frame case, we see that (A.4) is satisfied if
Sab =
1
G˜(φ)
diag
(
s(1)(φ1), s(2)(φ2), ..., s(n)(φn)
)
(A.5)
and either
W =
∏
a
W (a)(φa) or W =
∑
a
W (a)(φa). (A.6)
Due to the form of Sab, the condition (A.5) cannot be satisfied if we allow the non-minimal coupling
f to be a function of more than a single field (we are assuming hab = G(φ)δab). This appears to be
much more restrictive than the Jordan frame case. However, as pointed out above, things become
clearer if we contract the first of (A.2) with Sab. Expanding Sab and Wa explicitly we have
3H˜
2f
(
hab
dφb
dt˜
+
3fa
f
df
dt˜
)
= −1
4
(
Va
f2
− 2V fa
f3
)
.
Moving the second term on the left-hand-side to the right-hand-side and rewriting in terms of the
slow-roll parameter δ we find
3H˜
2f
hab
dφb
dt˜
= −1
4
(
Va
f2
− 2V fa
f3
(
1 +
9δ
2
))
(A.7)
' −1
4
(
Va
f2
− 2V fa
f3
)
= −1
4
Wa.
Finally, using dN˜ = H˜dt˜ gives us
dφa
dN˜
= −2f h
abWb
W
. (A.8)
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These equations of motion are now of exactly the same form as in the Jordan frame, and thus the
conditions for solubility are also the same. Note that we have not necessarily made any assumptions
about the magnitude of derivatives of f with respect to the fields. Rather, it was the contraction
fa
dφa
dt˜
→ δ that allowed us to drop the additional terms, and for δ  1 we only require that fa and
dφa
dt˜
are close to being orthogonal.
In the preceding discussion we have shown that the form for the slow-roll equations of motion
is exactly the same in the Jordan and Einstein frames. As such, when we integrate these equations
of motion to find N and N˜ we will find exactly the same result, except for any difference in the
limits of integration in the two frames. In particular, we have not picked up the additional log term
in the Einstein frame that we expected from (2.24). This highlights the dangers of integrating the
slow-roll equations of motion, as even slow-roll terms, whilst instantaneously suppressed, can lead
to a non-negligible effect when integrated over the full evolution. Indeed, in (2.24) we might have
naively neglected the f ′/2f term in comparison with H.
B Slow-roll conditions and the validity of (3.21)
In this appendix we clarify under what assumptions expression (3.21) for the second derivatives of
N with respect to the initial field values is valid. In order to do so, let us begin by taking a closer
look at the slow-roll conditions (3.6), (3.7) and (3.8).8 If we make the assumption |hab| ∼ O(1),
then the first of the slow-roll conditions gives us
√
fWa/W ∼ O(1/2) for all a. If we then look at
the third slow-roll condition, and assume δ ∼ , then we find it to be satisfied if fa/
√
f ∼ O(1/2).
Similarly, turning to the second slow-roll condition, and assuming η(a) ∼  ∼ δ, we find it to be
satisfied if fWab/W ∼ O() and
√
f (h)Γabc ∼ O(1/2), where (h)Γabc is the Christoffel connection
associated with the Jordan frame field-space metric hab. In summary, we find that the slow-roll
equations of motion are satisfied if√
f
Wa
W
∼ O(1/2), fa√
f
∼ O(1/2),
√
f (h)Γabc ∼ O(1/2),
fWab
W
∼ O(). (B.1)
If we further consider f¨
f¨ = fabφ˙
bφ˙a + faφ¨
a, (B.2)
then one can see that the condition f¨/(fH2) 1 is already satisfied as a result of the other slow-
roll conditions, provided fab . O(1). If we more stringently require f¨/(f˙H) 1, then this will be
satisfied if fab  1. Note, however, that the set of conditions derived above are not the necessary
conditions for the slow-roll approximation to be valid. In the case of f˙ , for example, if we have a
spectator field χ satisfying χ˙ = 0, then the third slow-roll condition (3.8) places no limit on the
value of fχ. Also note that requiring
√
fWa/W ∼ O(1/2) does not necessarily constrain derivatives
of V and f individually. A good example of this is the type of potential found in the Higgs inflation
model [40, 41], where V ∝ φ4 and f ∝ φ2 in the large inflaton field limit (φ  1), so that the
combination W = V/f2 is a constant.
Setting these final points aside, let us now return to the question of the validity of expression
(3.21) for the second derivatives of N . Taking second derivatives of N with respect to φa∗ also
involves taking derivatives of the equations of motion for the scalar fields (this corresponds to the
terms such as ∂g
(c)
∗ /∂φd∗ ↔ ∂φ˙c/∂φd∗ in expression (3.21)). In the presence of a non-flat field-space,
taking such derivatives gives rise to terms involving the curvature of the field-space, and we must be
careful to either keep track of these terms or to justify their neglection. In determining fNL we are
8This argument follows that given in [18], except that here we omit factors of n corresponding to the number of
fields, assuming that n is not too large.
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interested in calculating ∇˜a∇˜bN , so let us consider the quantity ∇˜a(dφb/dt˜). From the equations
of motion in the Einstein frame, which are presented in appendix A, we find9
∇˜b
(
Sac
dφc
dt˜
)
= − 1
3H˜
[
3H˜,bSac
dφc
dt˜
+ V˜;ab + R˜adbc
dφc
dt˜
dφd
dt˜
(B.3)
+∇˜b
(
dφc
dt˜
)
∇˜c
(
Sad
dφd
dt˜
)
+
d
dt˜
(
∇˜b
(
Sac
dφc
dt˜
))]
,
which, on solving iteratively, at leading order gives
∇˜b
(
Sac
dφc
dt˜
)
' − 1
3H˜
[
3H˜,bSac
dφc
dt˜
+ V˜;ab + R˜adbc
dφc
dt˜
dφd
dt˜
]
. (B.4)
Note that we have made the assumption that the field velocity is not an independent degree of
freedom, such that d2φa/dt˜2 = dφb/dt˜∇˜b(dφa/dt˜). Had we initially started with the slow-roll
equations of motion (A.2), then the curvature term in the above expression would not have appeared,
so let us confirm the conditions under which we are free to neglect it. We start by relating the
Christoffel symbols in the Jordan and Einstein frames by using the known form of Sab, (1.3)
Sad
(S)Γdbc =
1
2f
had
(h)Γdbc −
1
4f2
(fchab + fbhac − fahbc)− 3fafbfc
2f3
+
3
2f2
fafbc. (B.5)
As such, at leading order in the slow-roll approximation, the first two terms on the right-hand side
of (B.4) are given as
3H˜,bSac
dφc
dt˜
+ V˜;ab =
W
f
[
−fWaWb
8W 2
+
fWab
4W
− f
(h)ΓcabWc
4W
+
1
8
(
faWa
W
+
fbWa
W
− hab fcW
c
W
)
+
3fafbfcW
c
4fW
− 3fabfcW
c
4W
]
. (B.6)
Under the assumptions outlined in (B.1), we have that [...] . O(), where [...] denotes all the
terms in the square brackets on the right-hand-side of (B.6). Thus, if we would like to neglect the
curvature term, we require that
f
W
R˜adbc
dφc
dt˜
dφd
dt˜
 O() ⇒ f2R˜adbc  O(1). (B.7)
With R˜abcd given as
R˜abcd =
[
Sae
(S)Γebd
]
c
−
[
Sae
(S)Γebc
]
d
−(S) ΓeacSef (S)Γfbd +(S) ΓeadSef (S)Γfbc, (B.8)
and using (B.5) to write Sad
(S)Γdbc = had
(h)Γdbc/(2f) + ∆Γbc|a, where
∆Γab|c = −
1
4f2
(fchab + fbhac − fahbc)− 3fafbfc
2f3
+
3
2f2
fafbc, (B.9)
we find that we can satisfy the above constraint if
fhae
[
(h)Γebd
]
c
 1, fchae (h)Γebd  1, f2
[
∆Γbd|a
]
c
 1, hef (h)ΓfacSeghgi (h)Γibd  1,
(B.10)
f∆Γac|eSefhfg (h)Γ
g
bd  1, f2∆Γac|eSef∆Γbd|f  1. (B.11)
9Here we follow the procedure outlined in [25].
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Assuming that the conditions given in (B.1) hold, that Sab ∼ 2fhab and |hab| ∼ O(1), we can
deduce that the second and fourth of these conditions already hold. The first condition then gives
an additional constraint on the Jordan frame metric. Finally, taking X  1 to mean X . O(),
the remaining three constraints are satisfied if
f2
[
∆Γbd|a
]
c
. O() and f3/2∆Γab|c . O(1/2). (B.12)
Referring to (B.9), the second of these will be satisfied if fab . O(1), and differentiating (B.9) we
find the requirements fab . O() and
√
ffabc . O(1/2). In summary, we are able to neglect the
field-space curvature terms if, in addition to the conditions outlined in (B.1), the conditions
fab . O(),
√
ffabc . O(1/2) and
[
(h)Γabc
]
d
. O() (B.13)
are satisfied. Note that if we take hab = δab in the analytically soluble cases, the last of these
will automatically be satisfied. Also note that as the first and second derivatives of W and f are
constrained, this will also put constraints on the derivatives of V . Finally, we emphasise again that
the above conditions are sufficient rather than necessary conditions, as cancellation between terms
may relax the conditions, especially in the contraction of field-space quantities.
C Non-minimally coupled spectator field model
In this appendix we give additional details regarding the non-minimally coupled spectator field
model considered in the main text.
In the Einstein frame, using
δω˜ =
∂ω˜
∂φ
∣∣∣∣

δφω˜ +
∂ω˜
∂χ
∣∣∣∣

δχω˜ = 0 and
dφ
g(φ)
=
dχ
g(χ)
(C.1)
we find
∂φω˜
∂φ∗
= 0,
∂φω˜
∂χ∗
= 0,
∂χω˜
∂φ∗
= 0 and
∂χω˜
∂χ∗
= 1, (C.2)
which leads to
N˜φ =
1
g
(φ)
∗
(g
(φ)
 )2
2
=
1
g
(φ)
∗
1
2f
, (C.3a)
N˜χ = −1
2
∫ ∗

fχ
f2
1
g(φ)
dφ, (C.3b)
N˜φφ =
1
2f
(
1− η
(φ)
∗
2∗
)
, (C.3c)
N˜χχ =
1
2
Wχχ
W
− 1
2
∫ ∗

(
fχχ
f2
− 2(fχ)
2
f3
)
1
g(φ)
dφ, (C.3d)
N˜φχ = − fχ
2f2g
(φ)
∗
. (C.3e)
Similarly, in the Jordan frame we have10
∂φω
∂φ∗
= 0,
∂φω
∂χ∗
= −fχ
f
1
g
(φ)
ω
,
∂χω
∂φ∗
= 0 and
∂χω
∂χ∗
= 1, (C.4)
10Where the difference in comparison to the Einstein frame result is the replacement ω˜ → ω.
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giving us
Nφ =
1
g
(φ)
∗
1
2f
= N˜φ, (C.5a)
Nχ =
fχ
2f
− 1
2
∫ ∗

fχ
f2
1
g(φ)
dφ = N˜χ +
fχ
2f
, (C.5b)
Nφφ =
1
2f
(
1− η
(φ)
∗
2∗
)
= N˜φφ, (C.5c)
Nχχ = N˜χχ +
1
2
(
fχχ
f
− 2(fχ)
2
f
Wχχ
W
− (fχ)
2
f2
(
5− η
(φ)


))
, (C.5d)
Nφχ = − fχ
2f2g
(φ)
∗
= N˜φχ. (C.5e)
In the case of the specific example considered in the text, where V = V (χ)(χ)V (φ)(φ) and
V (φ)(φ) = m2φ2p, we have
N =
1
8fp
[
φ2∗ − φ2
]
and  =
4p2f
φ2
. (C.6)
As such, taking the end of inflation to correspond to  = 1 and defining N∗ as the number of e-folds
before the end of inflation that the scale under consideration left the horizon, we have
N˜φ =
(
2N∗ + p
4pf
)1/2
, (C.7a)
N˜χ = −fχ
f
N, (C.7b)
N˜φφ =
1
4fp
, (C.7c)
N˜φχ = −fχ
f
(
2N∗ + p
4pf
)1/2
, (C.7d)
N˜χχ =
Wχχ
2pW
(2(N∗ −N) + p)− N
f
(
fχχ −
2f2χ
f
)
, (C.7e)
and
Nφ = N˜φ, Nφφ = N˜φφ, Nφχ = N˜φχ, (C.8)
Nχ = N˜χ +
fχ(2(N∗ −N) + p)
2fp
, (C.9)
Nχχ = N˜χχ +
2(N∗ −N) + p
2pf
(
fχχ −
f2χ(3p+ 1)
pf
− 2(N∗ −N) + p
p
2f2χWχχ
W
)
. (C.10)
D Non-minimally coupled multi-brid inflation
In this appendix we give details of the non-minimally coupled extension of the multi-brid model of
inflation [28].
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Taking our potential and non-minimal coupling to be of the form given in (5.1), the slow-roll
parameters (3.6)-(3.8) are then given explicitly as
 =
√
f0 exp
[∑
a
za
2
φa
]∑
b
(mb − zb)2, (D.1)
η(a) = 2
√
f0 exp
[∑
a
za
2
φa
]∑
b
mb(mb − zb), (D.2)
δ =
1
6
√
f0 exp
[∑
a
za
2
φa
]∑
b
zb(mb − zb). (D.3)
Referring to Eq. (3.11), we also find
g(a) := ma − za and F = 1
2f
=
1
2
√
f0 exp
[∑
a
za
2 φ
a
] , (D.4)
which gives us
qa = exp
[
φa
ma − za
]
. (D.5)
The slow-roll equations of motion (3.10) can then be expressed as
d ln qa
dN
=
d ln q
dN
= −2
√
f0 exp
[∑
a
za
2
φa
]
= −2
√
f0q
∑
a za(ma−za)/2
∏
a
(na)za(ma−za), (D.6)
which we can integrate to find
N =
1√
f0
∑
a za(ma − za)
[
exp
[
−
∑
b
zb
2
φb
]
− exp
[
−
∑
b
zb
2
φb∗
]]
. (D.7)
The condition for the end of inflation is given by the tachyonic instability of the waterfall field as
discussed in section 5. In order to relate the field values at the end of inflation to those at the
beginning, we note that as the nas are constant, we have the invariant ln(q1/q2), which allows us
to write
φ1∗
m1 − z1 −
φ2∗
m2 − z2 =
σ cos γ
w1(m1 − z1) −
σ sin γ
w2(m2 − z2) . (D.8)
Perturbing this expression to second order we find
δφ1∗
m1 − z1 −
δφ2∗
m2 − z2 = −
(
σ sin γ
w1(m1 − z1) +
σ cos γ
w2(m2 − z2)
)
(δγ(1) + δγ(2))
− σ cos γ
2w1(m1 − z1)δγ
2
(1) +
σ sin γ
2w2(m2 − z2)δγ
2
(1), (D.9)
and by solving order by order we are able to find expressions for δγ(1) and δγ(2) in terms of δφ
1∗ and
δφ2∗. Finally, expanding δNσ up to second order as
δNσ =
∑
a
Nσa δφ
a
∗ +N
σ
γ (δγ(1) + δγ(2)) +
∑
a,b
1
2
Nσabδφ
a
∗δφ
b
∗ +
∑
a
Nσaγδφ
a
∗δγ(1) +
1
2
Nσγγδγ
2
(1), (D.10)
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where
δγ(1) = −
w1w2
σ
(m2 − z2)δφ1∗ − (m1 − z1)δφ2∗
(m2 − z2)w2 sin γ + (m1 − z1)w1 cos γ , (D.11a)
δγ(2) =
δγ2(1)
2
(m1 − z1)w1 sin γ − (m2 − z2)w2 cos γ
(m2 − z2)w2 sin γ + (m1 − z1)w1 cos γ , (D.11b)
Nσ1 =
z1
2f∗(z1(m1 − z1) + z2(m2 − z2)) , (D.11c)
Nσ2 =
z2
2f∗(z1(m1 − z1) + z2(m2 − z2)) , (D.11d)
Nσγ =
z1σ
w1
sin γ − z2σw2 cos γ
2f(z1(m1 − z1) + z2(m2 − z2)) , (D.11e)
Nσ11 = −
z21
4f∗(z1(m1 − z1) + z2(m2 − z2)) , (D.11f)
Nσ22 = −
z22
4f∗(z1(m1 − z1) + z2(m2 − z2)) , (D.11g)
Nσ12 = −
z1z2
4f∗(z1(m1 − z1) + z2(m2 − z2)) , (D.11h)
Nσγγ =
z1σ
w1
cos γ + z2σw2 sin γ +
1
2
(
z1σ
w1
sin γ − z2σw2 cos γ
)2
2f(z1(m1 − z1) + z2(m2 − z2)) , (D.11i)
we arrive at the final expression (5.4).
In the main text we discuss two contributions to the final δN : that arising from evolution
up to the end-of-inflation surface and that arising from the evolution between the end-of-inflation
surface and a constant energy surface sometime during the radiation domination era. As discussed
in [28], it is also possible to consider the δN arising from the evolution up to some constant energy
surface during inflation. In our case, the definition of the constant energy surface depends on the
frame. In the Jordan frame we have ω = V/2f = const.. Expliclty
V0
2
√
f0
exp
[∑
a
(
ma − za
2
)
φa
]
= const.. (D.12)
Perturbing this quantity gives us(
m1 − z1
2
)
δφ1ρ +
(
m2 − z2
2
)
δφ2ρ = 0, (D.13)
where we use the ρ subscript to denote the field perturbations on a surface of constant energy during
inflation. If we then exploit the fact that ln(q1/q2) = const., which gives us
φ1∗
m1 − z1 −
φ2∗
m2 − z2 =
φ1
m1 − z1 −
φ2
m2 − z2 , (D.14)
we are able to relate the perturbations on the constant energy hypersurface with those on the initial
flat hypersurface. For example, we have
δφ1ρ =
(m2 − z2/2)(m2 − z2)δφ1∗ − (m2 − z2/2)(m1 − z1)δφ2∗
(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1) . (D.15)
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As such, we find
Nρ1 =
1∑
a za(za −ma)
{
− z1
2f∗
+
1
2f
(z1m2 − z2m1)(m2 − z2)
(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1)
}
, (D.16a)
Nρ2 =
1∑
a za(za −ma)
{
− z2
2f∗
− 1
2f
(z1m2 − z2m1)(m1 − z1)
(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1)
}
, (D.16b)
Nρ11 =
1∑
a za(za −ma)
{
z21
4f∗
− 1
4f
[
(z1m2 − z2m1)(m2 − z2)
(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1)
]2}
, (D.16c)
Nρ22 =
1∑
a za(za −ma)
{
z22
4f∗
− 1
4f
[
(z1m2 − z2m1)(m1 − z1)
(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1)
]2}
, (D.16d)
Nρ12 =
1∑
a za(za −ma)
{
z1z2
4f∗
+
1
4f
(z1m2 − z2m1)2(m1 − z1)(m2 − z2)
[(m2 − z2/2)(m2 − z2) + (m1 − z1/2)(m1 − z1)]2
}
. (D.16e)
In the Einstein frame we have ω˜ = W/4 = const., or explicitly
V0
4f0
exp
[∑
a
(ma − za)φa
]
= const.. (D.17)
We consequently find
N ρ˜1 =
1∑
a za(za −ma)
{
− z1
2f∗
+
1
2f
(z1m2 − z2m1)(m2 − z2)
(m2 − z2)2 + (m1 − z1)2
}
, (D.18a)
N ρ˜2 =
1∑
a za(za −ma)
{
− z2
2f∗
− 1
2f
(z1m2 − z2m1)(m1 − z1)
(m2 − z2)2 + (m1 − z1)2
}
, (D.18b)
N ρ˜11 =
1∑
a za(za −ma)
{
z21
4f∗
− 1
4f
[
(z1m2 − z2m1)(m2 − z2)
(m2 − z2)2 + (m1 − z1)2
]2}
, (D.18c)
N ρ˜22 =
1∑
a za(za −ma)
{
z22
4f∗
− 1
4f
[
(z1m2 − z2m1)(m1 − z1)
(m2 − z2)2 + (m1 − z1)2
]2}
, (D.18d)
N ρ˜12 =
1∑
a za(za −ma)
{
z1z2
4f∗
+
1
4f
(z1m2 − z2m1)2(m1 − z1)(m2 − z2)
[(m2 − z2)2 + (m1 − z1)2]2
}
. (D.18e)
These results are in contrast with the minimally coupled case, where the second derivatives of N
are all exactly zero and there is therefore no non-gaussianity induced during inflation. However,
even in this non-minimally coupled case we see that if ma, za ∼ O(1/2) (which is required for the
slow-roll conditions to hold) then Nab ∼ O(1), meaning that the associated fNL parameter will be
slow-roll suppressed.
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